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Abstract

Graph coloring is arguably the most exhaustively stud-
ied problem in the area of approximate counting. It is
conjectured that there is a fully polynomial-time (ran-
domized) approximation scheme (FPTAS/FPRAS) for
counting the number of proper colorings as long as
q > A+ 1, where ¢ is the number of colors and A
is the maximum degree of the graph. The bound of
q = A + 1 is the uniqueness threshold for Gibbs mea-
sure on A-regular infinite trees. However, the conjecture
remained open even for any fixed A > 3 (The cases of
A = 1,2 are trivial). In this paper, we design an FP-
TAS for counting the number of proper four-colorings
on graphs with maximum degree three and thus con-
firm the conjecture in the case of A = 3. This is the
first time to achieve this optimal bound of ¢ = A + 1.
Previously, the best FPRAS requires ¢ > %A and the
best deterministic FPTAS requires ¢ > 2.581A + 1 for
general graphs. In the case of A = 3, the best previous
result is an FPRAS for counting proper 5-colorings. We
note that there is a barrier to go beyond ¢ = A + 2
for single-site Glauber dynamics based FPRAS and we
overcome this by correlation decay approach. Moreover,
we develop a number of new techniques for the correla-
tion decay approach which can find applications in other
approximate counting problems.

1 Introduction

The problem of counting proper g-colorings has been
extensively studied in computer science and statistical
physics. It is known to be #P-hard for ¢ > 3 even on
graphs with bounded maximum degree A > 3 [2]. A
number of literature has been devoted to the design of
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approximation algorithms [I-8, 8-, 7, Z1]. The main
algorithmic tool used in these works is the method of
Markov chain Monte Carlo (MCMC), which is based
on the simulation of a Markov chain on all proper g¢-
colorings of a graph G whose stationary distribution is
the uniform distribution. Although the Markov chains
themselves are usually quite simple, it is challenging
to prove the rapid mixing property of the chains and
the interplay between the number ¢ of colors and the
maximum degree A of the graph G turns out to be a
key measure for such property to hold.

The Glauber dynamics is a natural Markov chain
to sample colorings and it converges to the uniform
distribution as long as ¢ > A+2. Jerrum [(1] and Salas
and Sokal [IR] independently showed that the Glauber
dynamics mixes rapidly if ¢ > 2A. The bound of 2A was
considered as a barrier for the analysis of the Glauber
dynamics and was even conjectured as a threshold for
the rapid mixing property to hold for a period of time.
Later, the conjecture was refuted by Bubley et al. [2]
by showing that the Glauber dynamics indeed rapidly
mixes when A = 3 and ¢ = 5. It is worth to note that
this result attains the ergodicity threshold for Glauber
dynamics (¢ > A 4 2) and thus it is the best one can
achieve via this method. For general A, the state-of-
the-art requires that ¢ > LA [21]].

All the above algorithms based on MCMC provide
randomized algorithms. Can we get deterministic ap-
proximation algorithms? A deterministic FPTAS was
obtained in [7] when ¢ > 2.8432A + 3 for some suffi-
ciently large 8 on triangle-free graphs. The bound was
improved to ¢ > 2.581A + 1 on general graphs [I6].
These new deterministic FPTASes are based on the cor-
relation decay techniques.

Correlation decay approach is a relatively new ap-
proach to design approximate counting algorithm com-
paring to the MCMC method. One advantage of corre-
lation decay approach is that the resulting algorithms
are deterministic. Moreover, there are quite a few prob-
lems, for which an FPTAS based on correlation decay
approach was provided while no MCMC based FPRAS
is known. Among which, the most successful example is
the problem of computing the partition function of anti-
ferromagnetic two-spin systems [[3, 04, 9], including
counting independent sets [22]. The correlation decay
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based FPTAS is beyond the best known MCMC based
FPRAS and achieves the boundary of approximabil-
ity [B,20], which is the uniqueness condition of the sys-
tem. It is an important and challenging open question
to extend this result to anti-ferromagnetic multi-spin
systems. Coloring problem (or anti-ferromagnetic Potts
model at zero temperature in the statistical physics ter-
minology) is the most important and canonical exam-
ple for anti-ferromagnetic multi-spin systems. It was
proved that the uniqueness bound for this system on
infinite regular trees is exactly ¢ = A+ 1 [2]. This fact
supports the conjecture that ¢ = A 4 1 is the optimal
bound for approximate counting in general graphs.

1.1 Owur Results Our main result is to introduce
new techniques to the correlation decay based algorithm
and provide an FPTAS all the way up to the optimal
bound of ¢ = A 4+ 1 in the case of A = 3.

THEOREM 1.1. There exists an FPTAS to compute
the number of proper four-colorings on graphs with
mazximum degree three.

As the first algorithm achieving the optimal bound, we
view it as a substantial step towards the optimal count-
ing algorithms for general graphs. The contribution is
three folds

e It overcomes an intrinsic barrier of MCMC
(Glauber dynamics) based algorithms. For the case
of ¢ = A + 1, the Glauber dynamics Markov chain
is not ergodic and thus its stationary distribution
is not unique. Nevertheless, we obtained FPTAS
based on correlation decay technique.

e We provide a number of new design and analysis
technique for correlation decay based algorithms,
which can be used for general graph colorings or
even other approximate counting problems.

e Our analysis is simpler than previous analysis of
MCMC algorithms in similar settings. Even when
the maximum degree A = 3, it is already a
very challenging problem to analyze the MCMC
algorithms. In order to improve from ¢ = 6 to
q = 5, [2] did a very detailed case by case analysis
and even require computer to verify the proof. We
obtain the optimal bound of ¢ = 4.

1.2 Our Techniques The key step in all the proofs
of correlation decay analysis is to prove that a recursive
function is contractive. For most of current known
correlation decay based FPTASes for coloring problem,
the following recursion, introduced in [[7], is used
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Prg . [c(v) =i =

[Tier (1= Pro,p,, o) =)
dieLw) Hi:l (1= Prg, L., [c(vr) = j])

The notation Prg 1, [c(v) = 1] denotes the marginal
probability of the vertex v to be colored ¢ in an in-
stance (G,L) where G is a graph and L is a color
list that associates each vertex a set of feasible colors.
Prg, 1, [c(vx) = j] denotes a similar marginal proba-
bility in a modified instance: G, is the graph obtained
from G by removing v and Ly, ; is obtained from L by re-
moving color j from the color list of the vertex v,, where
w < k and vy, is the w-th neighbor of v in some canoni-
cal order. In this recursion, Prg 1, [c(v) = i] can be com-
puted from dq different variables of Prg, 1, ; [c(vx) = j]
with £k = 1,2,--- ,dand j = 1,2,--- ,q. In all previ-
ous analyses, one view them as dq free and independent
variables and then bound the contraction in the worst
case. For each single variable, one use the same recur-
sion to expand to a set of dg new free and independent
variables. This yields a computation tree of degree dg.
However, the expansion of the underlying graph is of
degree d and we usually call this gap the information
loss or inefficiency of the recursion. However, these dgq
variables are not completely free and independent. The
key new idea of this work is to make use of the rela-
tions among these variables to reduce redundancy and
improve the efficiency of the recursion. Here are two
key observations:

e For different colors ¢ and j, the recursions for
Prg . [c(v) =i] and Prgp[c(v) = j] involve ex-
actly the same set of dq different variables.

e For k =1, Ly ; is identical for different color j.

Using these two observations, we can further ex-
pand the ¢ different variables Prg, 1, ; [c(v1) = j] with
j=1,2,--- qinto a set of dq different variables simul-
taneously. The expansion here is d (from ¢ variables to
dq different variables) rather than dg. In previous anal-
yses, each single variable of these ¢ different variables
will further expand to dq free and independent variables.
The total number becomes dg?.

This can be viewed as a partial two-layer recursion:
for a subset of variables in the one layer recursion,
we use the same recursive function to further expand
them. We note that the similar information loss or
inefficiency for recursion appears in many correlation
decay based approximation counting algorithms, and it
is the main cause of the sub-optimality of the analysis.
The approach introduced here can also be applied to
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improve their analyses and the key is to observe some
relations among the redundant variables and make use
of it. In the current case, the improvement becomes
substantial when the number of variables is small.

Another crucial idea in our proof is to get better
bounds for variables Prg, r, ; [c(vr) = j] and then we
only need to prove contraction in these bounded range.
This idea was used in previous analyses for counting
colorings and many other problems. However, in our
setting of ¢ = 4 and A = 3, these values could be as
large as 1 and as small as 0. These are trivial bounds for
a probability in general. Here, we use two observation
to refine the bounds.

First, we notice that bound of 1 can only be
achieved at the root of the recursion tree and for all
other variable the value is between 0 and 1. The

2
boundaries of 0 and i are both achievable and thus

cannot be improved irf general. To overcome this, we
use the following alternative argument: When the two
bounds of 0 and % are achieved, we can easily detect
it and thus compute the accurate values without error;
otherwise, we can get better bounds. In the later case,
we view the variables achieving 0 and % as parameters
rather than variables of the recursion function as we are
sure that there is no errors for them, and just prove
that the degenerated recursion function is contractive
with respect to remaining variables. This is plausible
since we have better bounds for remaining variables.

Last but not the least, as in most of the correlation
decay approach, we use a potential function to amortize
the decay rate. It remains the most important and
magic ingredient of the proof. There is no general
method to design potential function. Based on some
numerical computation, we propose a new potential
function in the paper. Comparing to the previous
potential functions for coloring problem, the main new
feature of our new function is its non-monotonicity,
which captures the property of the problem. We remark
that a potential function with a similar shape can be
used for general graph coloring problem for similar set
of recursions.

2 Preliminaries and the (New) Recursion

List coloring and Gibbs measure Although we
start with a standard graph coloring instance, where
each vertex can choose from the same set of 4 different
colors, we need to modify the color list during our
algorithms to get a list-coloring instance. Therefore we
work on list-coloring problem in general. A list-coloring
instance is specified by a graph-list pair (G, L), where
G = (V,E) is an undirected graph and L : V — 2[4
associates each vertex v with a color list L(v) C [¢]. A
proper coloring of (G, L) is an assignment ¢ : V' — [q]
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such that (1) ¢(v) € L(v) for every v € V and (2) no two
ends of an edge share the same color, i.e., ¢(u) # ¢(v)
for every e = (u,v) € F.

The Gibbs measure is the uniform distribution over
all proper colorings of (G, L). For every vertex v € V
and color ¢ € [q], we use Prg r, [c(v) = {] to denote the
marginal probability that the vertex v is colored 7 in the
Gibbs measure.

In the following, we use A to denote the maximum
degree of the graph. If there exists an efficient algorithm
to estimate the marginal probability Prg 1, [c(v) = 1],
then one can construct an FPTAS to count the number
of proper colorings.

LEMMA 2.1. Suppose there exists an algorithm to com-
pute a (1x¢) approzimation of Prg r, [c(v) = ] for ev-
ery list-coloring instance (G, L) with G = (V, E), ¢ =4,
A =3, |L(w)| > d, + 1 for every v € V, and every
i € [q] in time poly(|V|,1). Then there exists an FP-
TAS to compute the number of proper 4-colorings on
graphs with mazximum degree three.

The proof Lemma PO is routine, see e.g. [].
Therefore, the remaining task is to approximate
Pre¢ 1 [c(v) =] for instances satisfying the conditions
stated in Lemma 2.

Recursion Let (G,L) be an instance of list-
coloring and v € V be a vertex. Let N(v) = {v1,...,v4}
denote the set of neighbors of v in G, where d is the de-
gree of v and let G, be the graph obtained from G by
removing vertex v and all its incident edges. For every
k € [d] and i € [q], let
(2.1)

bt = (L0

if u = vy for some ¢ < k,

otherwise

be color lists. Then the following recursion for comput-
ing Prg 1, [c(v) = i] first appeared in [(].

LEMMA 2.2. Assuming above notations we have

(2.2) PI’G’L [C(’U) = Z] =

[Ty (1= Pro, r,, [e(v) = )
ZjGL(v) szl (1 - PrGu,Lk,]‘ [C(’Uk) = .7])

Then we can apply the same recursion to further
expand Prg, 1, ; [c(vx) = j] so on and so forth. It gives
a computation tree to compute the value of the root
Prg 1 [c(v) =4]. The condition that ¢ = 4, A = 3,
and |L(v)] > d, + 1 for every v € V, holds for all
the list-coloring instances appearing in this computation
tree. In the definition of new color lists (E), the
list size is decreased by one only for the neighbors of
v, but the degrees of its neighbors are also decreased
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by one in the new modified graph G, since we have
removed vertex v and all its incident edges. Therefore
the condition |L(v)| > d,, + 1 remains satisfied for every
v € V in the new instance. For every probability
Pre/ 1 [c(u) = j] in the computation tree except the
root, the degree d, < A — 1 = 2 since we come to
this instance by removing a neighbor of uw and thus
the degree is decreased by at least one. All these
observations are used in previous analyses. A more
subtle and crucial new observation is that for every
probability Prg 1/ [c(u) = j] in the computation tree
except the root, one have |L(u)| > d, + 2 (which is
stronger than |L(u)| > d, + 1 ) since the degree of u
is decreased by one while color list for u remains in the
definition of (ET).

We do not analyze this computation tree directly
but turn to a more efficient one by taking the rela-
tion between variables into account. In the definition
() of Ly, , if & = 1 the new color lists remain the
same for all the remaining vertices and thus is inde-
pendent of the color i. Therefore, the |L(v1)| variables
Prg, 1, , [c(vi) = j] are simply the marginal probabili-
ties of vertex vy for different colors in the same instance.
Therefore, when we further expand these variables, they
involve same set of variables. We make use of this prop-
erty and further expand these variables as follows. Let
dy be the degree of vy in the graph G, and w1, uo, ..., uq,
be the neighbors of vy in the graph G,. We use G, ,
to denote the graph obtained from G, by removing the
vertex v1 and all its incident edges. For every k € [d4]
and i € [q], we use L; ; to denote the color list such that

/ _JL(w) \ {i},
kz(u) = {L

if u = uy for some £ < k,

otherwise.

(u),

Applying recursion (22), we obtain for every j € L(vy),
it holds that

(2.3)

Prg,. 1, [c(v1) = j] =
dy R
iy (1= Pra,., iy, fe(w) = 41)

y )
2ter(on it (1 —Prg,, 1y, le(ur) = l])

Then we substitute these into recursion (E22) and
get a new recursion for Prg[c(v) =i]. We view
this new recursion as one step in the computation tree
and analyze its correlation decay property. From the
algorithmic point of view, this does not make much
difference but it do impact the analysis a lot. A similar
situation appeared in [I5], where one use the same
algorithm to compute the number of independent sets
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in bipartite graphs as in general graphs. However, in
that analysis, one combined two step of the recursion,
and viewed it as one single step in the computation tree,
and then analyze the contractive rate directly. Here, we
analyze the partial two-step recursion, where one only
further expand the variables for its first neighbor.

3 Algorithm

In this section, we describe our algorithm to estimate
marginals.

The main idea of our algorithm to estimate
Pre 1 [e(v) =] is to recursively apply recursions (22)
and (E3) up to some depth D. For the convenience
of analysis, we distinguish between cases, depending on
the degree of v and its neighbors.

e Our algorithm terminates in one of the following
three boundary cases. (1) the color i is not in
the color list L(v), i.e., i € L(v), in which case we
return 0; (2) the recursion depth is zero, in which
case we return le)l and (3) the degree of v in G is
zero, i.e. v is an isolated vertex, in which case we
return m

e If the degree of v in G is one, the algorithm
branches into three cases according to the size of
L(v). In the case of |L(v)| = 2, we directly apply
recursion (E2). In the case of |L(v)| = 4, note
that the sum of the marginal probabilities of colors
j € L(v) on vy in G, is 1, the denominator of the
recursion (EZ2) becomes a constant 3. For the same
reason, in the case of |L(v)| = 3, we can denote the
denominator of the recursion (222) by 2 + y, where
y is the marginal probability of color j € [4] \ L(v)
(the absent color) on v in G,,.

o If the degree of v in G is two or three, we faithfully
apply recursion (E2) and (E33) to estimate the
marginals. In order to simplify the analysis, we use
the following convention in the case of deg (v) = 2:
Let the neighbors of v be v1,vy, then we always
assume deg. (v1) > degy (v2) and if degy (v1) =
degq (v2) =1, then ¢ & L(vy) implies i ¢ L(vz).

The whole algorithm is described in Algo-
rithm O. We use procedure P(G, L,v,i, D) to estimate
Pr¢ 1 [c(v) = i] up to depth D.

The procedures P1(G, L,v,i,D), P2(G,L,v,i,D)
and P3(G, L,v,4, D) deal with the case of deg (v) =1,
degq (v) = 2 and deg (v) = 3 respectively.

Case deg (v) = 1: The algorithm for this case is
described in Algorithm B.

Case deg.; (v) = 2: The algorithm for this case is
described in Algorithm B.
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Algorithm 1: Estimate Prg 1, [¢(v) = i]
Input

: Graph G; color lists L; vertex v; color
i; recursion depth D;

Output: P € [0, 1]: Estimate of Prg p, [c(v) = 1]

up to depth D.

Function P(G, L,v,1i, D)
if i ¢ L(v) then
| return 0;
end
if D <0 then
‘ return

L))’
end
if dege (v) =0 then

1
return ;
[L(v)]’

end
if deg (v) =1 then

‘ return P1(G, L,v,i,D);
end
if deg (v) = 2 then

‘ return P2(G, L,v,i,D);
end
if dege (v) =3 then

‘ return P3(G, L,v,i,D);
end
end

Case deg. (v) = 3: The algorithm for this case is
described in Algorithm .

ProPOSITION 3.1. Let ¢ = 4. Given a list-coloring
instance (G = (V,E),L) with mazimum degree 3, a
verter v € V satisfying dege (v) < 2 and |L(v)| >
degs (v) + 2, a mnonnegative integer D, we have
S, P(G,L,v,i,D) =1

Proof. We will prove by induction on D. When D =0
we have Z?:l P(G,L,v,i,0) = X icrw) m = 1L
Suppose the proposition holds for D — 1. To obtain
the proof for D, we will discuss on degree of v.

(1) dege (v) = 0. Clearly Z?Zl P(G,L,v,i,D) =
Yierw) T = b

(2) degg (v) =1. Let o; = P(Gy, L14,v1,i,D—1). By
definition we have Ly ; = L for all i € [4]. Therefore

St = Yt PGy, Lov,i,D —1) = 1 by
induction hypothesis.

If |[L(v)] = 4, Y1, P(G, L,v,i,D) = Yb_ 150 =
4-—1

Algorithm 2: Estimate Prg r [c(v) =] when
degg (v) =1
Function P1(G, L,v,i,D)

/* the vertex v has only one neighbor

(I */
/* If the L(v) ={i,j}. */
if |L(v)| =2 then
T < P(GU,Llﬂ',’l}l,i,D — ].)7
Y P(G’lijl.,ja’Ulvij - ]')a
return

l—z .
2—x—y’

end
f |L(v)| = 4 then
€T < P(GU,LLZ‘,’Ul,i,D — 1);

1—x.
3

o

return

end

/* in the following case, |L(v)| = 3.

*/

if i € L(v1) then

Let j be the color in the singleton set
[4]\ L(v);

€T < P(GU,LLZ‘,’Ul,i,D — 1);

Y P(GU,Ll)j,Ul,j,D — 1),

return ;—z;

end
end
3—(1-a;) _

S =1

(3) deg; (v) = 2. In this case we have

ILw)] = 4. So Y., P(G,L,viD) =
24 (A—fi)(1—yi) _ 2 (=f)(—w) _

=1 Y o -1 (—5)) — S, (1= f)(1=y;)

Using the same proof, we can also have Z?:1 fi=
1, where f; is defined in Algorithm 8.

We conclude this section with the following lemma,
whose proof is postponed to Section [@.

LEMMA 3.1. Let g = 4. There exists an algorithm such
that for every list-coloring instance (G,L) with G =
(V, E) and mazimum degree at most three, every vertex
v €V, every coloring i € L(v) and every 0 < & < 1,
it computes a number p in time poly(|V| , %) satisfying
(1—e)p <Prgrlc(v) =1 < (1+¢)p.

4 Bounds

In this section, we introduce upper and lower bounds for
values computed in the algorithm. These bounds will

el play a crucial role in our proof.

If [L(v)] = 3, assume j ¢ L(v). Then DgriNITION 5. We call a a triple (G = (V,E),L,v €

Z?;l P(G,L,v,i,D) = > ieL(v) ;;7; V) (a list-coloring instance together with a vertex in the
1802 Copyright © by SIAM

Unauthorized reproduction of this article is prohibited



Algorithm 3: Estimate Prg 1 [c(v) = k] when
dege (v) =2

Algorithm 4: Estimate Prg p [c(v) = ¢] when
dege (v) =3

Function P2(G, L,v,i,D)

/* the vertex v has two neighbors
{vi,v2} with degg (v1) = degg (v2);
the vertex v; has neighbors
{u1,...,uq,} in the graph G,. We
also assume that if
degq (v1) = degq (v2) =1, then
i ¢ L(vy) implies ¢ ¢ L(vg). */

for j € L(v) do

if j & L(v1) then
| fi O
end
else
for k € [d1] do
for w € L(v1) do
Thow <
‘ P(Go,vys L, s wke, w, D = 1);
end
end
4 Tt (=)
f] < 2 weL(vy) HZI:1(17‘T’MH)’
end
Yj < P(GqHLQ,j,’l}Q,j’D — 1),
end
1-fi)(1—y;
return Zje(L(u)f(l)Efj)y(l)—yj) ;

end

graph) reachable if the following condition is satisfied:
dege (u) < 3 and |L(u)| > degq (u)+1 for everyu € V,
dege (v) <2 and |L(v)| > degq (v) + 2.

It follows from the discussion in section B that
for all the probability Prg 1, [c(v) = i] appeared in the
computation tree except the root, (G, L,v) is reachable.

PROPOSITION 5.1. Let (G, L,v) be reachable, i € [4] be
a color , and D be a nonnegative integer. Then it holds

that 0 < P(G, L,v,i,D) < 3.

Proof. We prove by induction on D. For base case,
P(G,L,v,i,D) will return \le)l if D = 0, so the
proposition holds since |L(v)| > 2.

Suppose the proposition holds for D —1. We discuss

on degree of v.

(1) dege (v) = 0. In this case P(G,L,v,i,D) will
return m where |L(v)| > degg; (v)+2 = 2, hence
we have 0 < P(G, L,v,i,D) < 1.

—~|

Function P3(G, L,v,i,D)
/* the vertex v has three neighbors
{v1,va,v3}. */
for j € L(v) do
Z; < P(Gv, LLj,j, D);
Yj < P(GU7L2J‘,]’7D);
Zj P(GU7L3,jajaD);
end

A-z)(A-y)(l-z) .
jer( =z (1—y;)(1—2;)’

return =

end

y = P(Gy, L1 ,,j,D—1), as defined in Algorithm B.
Then 0 < z,y < % by induction hypothesis.

According to algorithm, P(G, L,v,i, D) will return

L=z op 1=2  31d in both cases this return value is

3 24y’
bounded by % given x,y > 0.

deg (v) = 2. Let fj, zx,w and y; be the variables
defined in Algorithm B. By induction hypothesis
we have 0 < 2 ,y; < % As for f;, we need to
further discuss on d;.

If di € {0,1} then f; < 3 immediately follows, as
we have already seen in previous two cases. If d; =

Hi=1(1_37k,j) < _
ZwEL(vl) Hi=1(1—$k,w) - (1

-1
T1,5) ((1 —15) + 3 Dwer(o (L~ xl,w)) =

1—x1 < 1
(1-z15)+5@2+z1;) — 27
that >, cr () T1w = 1, since |L(v1)| = 4 when
dy = 2. Similarly we have P(G,L,v,i,D) =

A=fi)(A—yi) <1

YjermI—fi)A-y;) = 27

2, we also have f; =

Here we used the fact

PROPOSITION 5.2. Let (G, L,v) be reachable, i € L(v)
be a color , and D be a monnegative integer. Then it
holds that

(1) if degg (v) = 2, then P(G, L,v,i, D) > &;

(2) if degg (v) < 1, then P(G, L,v,i,D) > .

Proof. If deg;(v) = 0 or D = 0, we have
P(G,L,v,i,D) = |L(1U)| > 1. In the following, we as-
sume D > 1 and deg. (v) > 1. We discuss on degree of

.

(1) degy (v) = 2. It must be the case that |L(v)]
4. Therefore we have

. ; — (A—fi)(A—yi)
(2) degg (v) = 1. Let & = P(Gy, L1, v1,i,D —1) and P(G,L,v,i,D) = (1,fi)(1,yi)+zj€uv>\i}(1,fj)(1,yj) 2
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(1-3)° 3 1
(1_%)2+ZjEL(v)\{i}(1_o) ISR
% for f; and y; is guaranteed by Proposition bl

. The upper bound

(2) dege (v) = 1. Tf |[L(v)] = 4, P(G, L,v,i,
7 2 1;5 fé If |[L(v)| = 3, P(G,L,v,i,D) = Jz

>

-
|
8

—
SE

[\

+
NI

ul=

o=

Note that overall we have lower bounds %3 for

P(G, L,v,i,D), regardless of the degree of v. Further-
more, for f;’s defined in Algorithm B we can draw a
similar conclusion: if j € L(vy) then f; > .

PROPOSITION 5.3. Let (G, L,v) be reachable and D be
a nonnegative integer. Then for every color i € [4] such
that i € L(u) for some neighbor u of v, we have

12,
S 251

(2) if degg; (v) =1, then P(G, L,v,i,D) < &.

(1) if dege (v) = 2, then P(G, L,v,i, D)

Proof. If i ¢ L(v) then P(G, L,v,i, D) returns 0 and we
are done. If D =0 and i € L(v), then P(G, L, v,4,0) =
m < % since v have at least one neighbor. In the
following, we assume ¢ € L(v) and D > 1.

(1) dege (v) = 2. If i € L(v1), by Proposition 62
we know that f; > 7 i
A—fi)(A—yi)

P(G’L’U’Z’D) T (A-f)(- y1)+Z]€L(U)\{1}(1 £i)(1—=y;) §
(1-f)(1-0) _
(1=f)(1=0)+3 e .oy 11y A= F3) (1= %)
2(1—fi) 20-f)) ~ 24 _ 12
2(17fi)+(3fzjeL(,,)\“} fi) - 4—f; — 51 25°
Here we used the fact that ZjeL(v) fi = 1. On the

other hand, if 4 € L(vg) then y; > =. So

; (1- fl)(l Yi)
P(G,L,v,1, D) = G0t S ey O 05 S

(b s~ (B- 1)

(=) (1= 35)+ e Lo gy A=F) (1

T 2401
(%(1 —fi)+ 5 Y jerenp - fj)) S0-Tif, =
12
%.

(2) degg (v) = 1. Clearly i € L(u) where u is the

only neighbor of v. So z = P(G,, L, u,i,D 1) 2 113
If |L(v)| = 4 then P(G,L,v,i,D) = 152 <7<1—3 It
|L(v)| = 3 then P(G, L,v,i,D) = 152 < 15 = &

PROPOSITION 5.4. Let (G, L,v) be reachable, i € [4] be
a color. Assume degg (v) = 2, then one of the following
holds:

(1) the vertex v and its two neighbors form a triangle

in G;

(2) P(G,L,v,i,D) < 32 for all integer D > 2.

1804

Proof. Without loss of generality we assume i = 1.
Denote by v; and vy the two neighbors of v in G.
We only need to consider the case when 1 ¢ L(vy)
and 1 ¢ L(vy), i.e. f1 = y1 = 0, since otherwise by
Proposition 53 we immediately have P(G, L,v,1, D) <
% < % In this case v; and vy each only have up to
one neighbor in G,, which we will denote by u; and us
respectively. We now continue to discuss in two cases.

(1) degg, (v2) = 0. According to the algorithm
Yy = |L(1U)| for j € L(vy) and y; = 0 for

j ¢ L(vy). If |L(vg)] = 3 then y; = 0 and
We have P(G L,v,i,D) =

Y2 = Y3 =1y4 = %
1+3(3-%; euv)\{l}ff)
| =

42 enon g1y A=) (1—y;) -

1+1% =2 < 2. If |L(vp) 2 we can assume
2 ¢ L(vy), thus y; = yo = 0 and y3 —y4 = We
have P(G L7U717D) - 1+ZJ€L(U)\{Z}(1 f] (i— yj) =
0+ -0+ (- (1-3)+
—1
A=f)(1=4) " = (1430 -f)+
21
1 _ 1 4 _ 13
3 2jerniy(l = fﬂ‘)) = EIa—f) S <o
(2) degg, (v2) = L Since v, wv; and wvy do
not form a triangle, Lgg(us) = L(ug) for
all color k, thus it follows from Proposi-
tion B3 that for every j € Lgj(us) =
L(uz), we have y; = P(Gy,Laj,v2,5,D —
1) < & So if L(va) € L(uz) we have
_ 1
P(G,L,v,1,D) = 2 e non gy (1-F)A-y;) <
! - L =1 On

1+ (1=1%) Zjerony (1-17) 1+45-2 27

the other hand, consider L(vs) € L(usz). Notice
that 1 ¢ L(v2) so there should be some other
color, say color 2, satisfying 2 € L(vs2) \ L(uz).
This also forces degGM2 (u2) < 1. Let tg; £
P(Gv,v27L2,k7u27jaD - 2)7 where G’U,vz £ (Gv)ug7
i.e., the graph obtained from G by removing v and
vy and all edges incident to them. Since 2 ¢ L(ug)
we have try = 0 for all k. We need to further dis-
tinguish between two cases.

(1) 1 € L(u2). Recall that Log(u2) =
L(ug) so Vk € L(v), 1 € Lai(ug). Combin-
ing deggw2 (uz) < 1, by Proposition B2 we have
Vk € L(v), ti1 > §. Specifically we have tg; > ¢.
Now 1 is the color in singleton set [4] \L(’Ug) SO ac-
cording to Algorithm B, yo = ;;Zf < 13 As a con-
S for all j € L(v2)

sequence, we again have y; <
and the theorem follows.

(2) 1 ¢ L(u2). In this case ug is isolated in
Gy, with color list {3,4}. So it is clear that
thk1 = the = 0 and g3 = tpa = % for every k.
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Further we have yo = % and y3 = y4 = i. Now

_ 1 _
P(G,L,v,1,D) = 42 ey A=F)A-y;)
AR

1

1
43 Y ey A=fi)—3(1—f2)

D) (1—fo)+(1-1)(1— /1))
_ 4 4 13
=o0rp S0 < a7

Combining above propositions with the degq (v) <
1 case, we have the following theorem for bounds on
marginal probabilities computed:

THEOREM 5.1. Let (G, L,v) be reachable, i € [4] be a
color. Then one of the following propositions holds:

(1) P(G,L,v,i,D) = % for all integer D > 2;

(2) P(G,L,v,i,D) < 13 for all integer D > 2. Specifi-

cally P(G,L,v,z,D) < 13 when degg (v) < 1.

Furthermore, when P(G,L,uLD) = 5 for some inte-
ger D > 2 the local structure of G around v falls into
one of the following three cases (see Figure DB and @):

(1) dege (v) = 0. Then j,w ¢ L(v) for two distinct
colors j,w other than i (Figure ).

(2) dege (v) = 1. Denote by u neighbor of v. Then
i ¢ L(u) and j ¢ L(u) U L(v) for some color j # i
(Figure B).

(3) dege (v) = 2. Denote by uy and uy two neighbors
of v. Then v,uy,us form a triangle, and i ¢
L(u1) U L(ug) (Figure 3).

i = 1, and we will assume
1 € L(v), otherwise the statement is trivial. From
Proposition B4 we know if P(G,L,v,i,D) = % then
v and its two neighbors vy, vo must form a triangle, and

Proof. Assume w.l.o.g.

1 ¢ L(v1)U L(v2), as depicted in Figure B. If this is not
the case then P(G, L,v,i,D) < ;; Now we focus on

those degq (v) < 1 cases.

(1) dege (v) = 0. We know |L(v)| > 2.
then apparently P(G,L,v,1,D) < % % If
|L(v)] = 2 then P(G,L,v,i,D) = 5 and this is
just the case depicted in Figure 0

(2) dege (v) = 1. By Algorithm B, if |L(v)] = 4
then P(G,L,v,1,D) will return 1595 < %—? So
we focus on |L(v)] = 3. Assume 2 is the color in

singleton set [4]\ L(v). According to the algorithm,
P(G,L,v,1,D) now returns % where
(Gva Ll,lv u, 13 D - 1)

= P(GU,L172,u,2,D — ].)

Notice that —x could reach = if and only if z =
y = 0. Otherw1se at least one of z and y is

1805

1—x

5Ty is bounded

bounded by from below, thus

by max { 2-1i-71(/)6’ 12i66} = %'

Moreover, = y = 0 indicates that 1 ¢ L; 1 (u) and
2 ¢ Ly 2(u). Recall Ly = Ly 2 = L, it immediately
follows that degg; (u) = 0 and 1 ¢ L(u) and
2 ¢ L(u). Together with 2 ¢ L(v) we have
2 ¢ L(u) U L(v) which completes the proof (This
case is depicted in Figure B).

Prie=e] =
Prig= | =

w\»—uob—‘

Figure 1: Boundary case one

Figure 2: Boundary case two

Prie=e] = 3;
Prie = ]:Pr[®:.]:é;
Prie = ]:%

Figure 3: Boundary case three

Consider a depth D that is large enough(larger than
the size of G), then clearly P(G, L, v, i, D) should return
Prc p [c(v) =1i]. Therefore we can actually draw the
same conclusions for true value Prg r [c(v) =1i]. To
make things clearer, we present the following theorem.

THEOREM 5.2. Let (G, L,v) be reachable, i € [4] be a
color and D > 2 be an integer. Then

(1) P(G,L,v,i,D) =0 <= Prg[c(v)=1i=0;

(2) P(G,L,v,i,D) =3} <= Prglc(v)=i]=1;
(8) P(G,L,v,i,D) € [ 2%]
< Prgcv) = ] c [113,%]
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6 Correlation Decay

In this section, we discuss the correlation decay property
of our recursion. First we present the main theorem.

THEOREM 6.1. Suppose D > 3 and ¢ = 4. Let A =
190909060 be a constant, then for any list-coloring instance
(G = (V, E), L) satisfying |L(v)| > dege (v)+1 for every
v €V, we have

|P(G, L,v,i,D) — Prg  [c(v) =i]| < C-AP73,

where C > 0 is some constant.

We can view the one step recursion P(G, L, v, 1, D)
as a function F; where each input of F; is obtained by
calling a depth-(D — 1) recursion on some list-coloring
instance (Gg, Li). Therefore F; has 2 main variations,
depending on whether P1 or P2 is called.

It is natural to conceive of a sufficient condition
that probably looks like: the error of our estimation
decays by a constant factor in every iteration. However,
this is not generally true even for systems exhibiting
correlation decay. This issue has already been addressed
in [I3,04], and in these works a potential-based analysis
is adopted. We will once more utilize this method in our
proof.

We choose ¢(z) = 2Inz—21In (4 — x) whose deriva-

tive (potential function) is ®(z) I(lliw) and take
2

M £ 5 = V2=supycocs Ty

Pick a list-coloring instance (G = (V, E), L) with
maximum degree 3, a vertex v in G with neighbor(s) v;
and vy if exist satisfying |L(v)| > degq (v)+2 and a color
1. To prove Theorem B, the idea is to apply induction
on D, which can be formalized by the following lemma.

_ 9996
LEMMA 6.1. Let A = 15505 be a constant, then one of

the following statements holds:

(x) = Fi(x") =
(2) Fi(x) = Fi(x") = %
(3) lp(Fi(x)) = »(F, (

< A -max, .
].1]6

(1) F;

))\

where x are the return values of subroutines called by

To ease the notation we first define the follow-

ing.  Let o(x) = (@(z1),p(x2), - p(xq)) for any
d-dimensional vector x, d € N, and similarly define

o (x).

LEMMA 6.2. Suppose d is the arity of F;. Define the
contraction rate

L O(Fy(x)) |0F;i(x)
Z ®(z;) ‘ Ox; .

j=1

Then for all x € Dom(F;) C [0,

9996
where A\ = 10006 *

314, we have a(x) < A

Before delving into the proof, we first show that
how to prove Lemma E1 by Lemma BE2.

Proof. [Proof of Lemma Bl Let Z be the index set of
variables of F;. Let xg = {xl ’ 1€l,x; € {0, %}} and
X, = {xl ‘ 1e€l,x; € (0,%)} Let Zop and Z; be the
corresponding index set of x¢ and x;. Define x§ and xj
similarly.

Let uy = p(x1), uj = p(x7), and since ¢ is strictly
increasing we have x; = ¢~ 1(u;) and x} = gpfl(uf).
Notice uj is well- deﬁned because we know z; € (0, 3) if
and only if z¥ € (0, ) by Lemma B3. In other words
xo and x; Shares the same index set with x{ and x7,
respectively.

Introduce

Htur + (1 - t)up))

) = ¢(Fi(x0,x1)) —
By Mean Value Theorem

g(t) = o(Fi(x0, 0~

so that <p(§7 x) p(Fi(x

) —
p(Fi(x5,%7)) = 9(1) = 9(0).
0,1)

there exists ¢ € (0,1) such that
g(1) —9(0) _ -
D~ ).
=0 g'(t)

For convenience we denote @1; = tu; + (1 — f)ul
and X; = ¢ 1(@1;). Clearly each component of X; lies
between 0 and % since ¢ is a monotone function. Simple
derivative calculation yields

lp(Fi(x)) — p(Fi(x"))|

O (F;(x0,%1)) OF;(x0,%1)

P(G,L,v,i,D) and x* are true values of those called — Z (i) oz, (uj —uj)
instances. Jj€T
®(F(x0,%1)) | OFi(%0,%1) .

We shall point out here if the first two cases do < Z o(z;) Oz ) |uj - uj|
not occur then o(F;(x)) and o(F;(x*)) are always JE€LL J J
well-defined.  This .is a s.,imple Corollary. of Lemma B(Fi(x0,%1)) | OF(x0, %1)
b2, Instead of proving this lemma, we will introduce < Z e 9 - max |uj — u]|
Lemma E2 which can directly imply Lemma BE. JEL () L ich
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Finally notice that if z; € {O, %} then ﬁ =0 and

Z O (F;(x0,%1)) ‘3F¢(X0,5€1)

jey (I)(ij) aLL'j
-y ®(F;(x0,%1)) ‘8Fi(X07>~(1)
ieTo (I)(.’ﬁ]) 8.’[j
O(Fi(x0,%1)) ‘5Fi(xo7)~<1)
+ —
];11 (I)(I]) 8Ij
< sup a(x) <A
x€[0,3]4

This completes the proof.

We make some remarks. Here Fj is just a general
concept representing the function of our algorithm.
We use different recursions to compute the marginal
probability as the degrees of v and its neighbors changes.
As a consequence, the specific form, including arity
of F; has several variations, and depends on actual
situations. Moreover, in our analysis we will frequently
refine the domain of F; because in some cases both true
value and computed value never exceed a certain bound.
Nevertheless, we can always obtain the expression of
this contraction rate a(x), and it turns out that we can
bound this rate for all variations of Fj.

The rest of this section is dedicated to prove Lemma
B2. Our proof is based on the discussion on the degree
of v. Thanks to the symmetry between colors, we will
only need to prove for i = 1. The proofs for other colors
are identical.

6.1 degs (v) = 1 Denote by vy the only neighbor of
v. In this case F} has three variations.

2= L) =4
F={ 1cL).)¢L)
0 1¢ L(v)

where © = P(Gy,Li1,v1,1,D — 1) and y =
P(G,,Li,,v1,7,D —1). We shall prove Lemma G for
the first two variations since the last one is trivial.

1. |L(v)| = 4. The contraction rate writes as

a(x) =

O(Fi(x)) ‘aFl(x)
O (x) or |’

Moreover we have the following upper bound

B(F (2)) ‘BFl(w) _1._w(F-e) . 3e(1-2a)
P(x) ox 3 FTI(%,PTI) (1—2z)(142z) —
3z 3

Tres =1 < 1.

1807

2.1 € L(v),j ¢ L(v). In this case Fj is a binary

function. The contraction rate writes as

O(F1(z,y)) |OF1 (2, y)

O(x) Ox
®(y) dy

We further discuss on three cases.

Ot(l',y) =

(a) 1 ¢ L(vy) and j ¢ L(v1). In this case = and y
are accurately computed, hence no error occurs in
our computation.

(b) 1 ¢ L(vy) and j € L(v1). Denote by dy degree

d
[, (A=zk)
a =z
ZZEL(vl) [T, (1—=wk)

of vy in graph G,,. Then y =
(1-3)°
(1-1)*+(1-0)x3
for y*.
If 1 ¢ L(v1), then z = 2* = 0. Let Fy =
F1(0,-) be the function obtained by fixing z = 0 in
Fi. The contraction rate of Fj is

= % This lower bound also holds

_ ®(Foly)) |OF(y)
olw) = 4’?@/) ‘ gy ‘
y(z-y) 1
ﬁ(%_ﬁ) (2+y)?
11
:(1_2y>§ﬁ'

(¢) 1€ L(vy). Similarly we have z, z* > . Then

_ (D(Fl(xvy)) aFl(xay)
o(z,y) = D(x) ’ ox
n ®(f1(z,y)) ‘3F1(177y)’
@ (y) dy
1

o(L—z)2+y)+y(3-y)(1-2)
(171)(z+%
which is equivalent to

We show that

— 9996
A= 100007

(6.4) x(;—x> (2+y)+y(;—y) (1-)

S)v(l—a:)(x—l-g).

Copyright © by SIAM
Unauthorized reproduction of this article is prohibited



Inequality (E2) can be simplified to
(6.5)

(1x)y2+<x2

Using the fact that - we know the

1

13 2
LHS of (63) is minimized at y = W
Plugging this into (E3) and it can be simplified
to 1 —2A + A2 4 (16 — 14\ — 2A%)x + (=52 + 36\ +
A)z? + (32 — 20)\)2? + 42* < 0, which holds for
<<t

<z <

To summarize the analysis in Section B, we have

__ 9996
a(x) < A= 15500

6.2 degq (v) =2 Denote by vy, vs two neighbors of v.
Let d; = degg, (v;) and we have d; > do. In this case

(1= fi)( —yi)
Yjernw (=11 —y;)

Fi:Fi(xay):

where

[T, (1—wy ) .
cL
Srerion L (—any) (v1)

0 i ¢ L(vy).

6.2.1 dy =2 We first note that for ¢, j € L(v1), fi/f;
is bounded by constants.

fi=

PrOPOSITION 6.1. If diy = 1 or 2 and for every 1 <
k <di, j€ L(vy), we have 0 < ZTrji < 5, then for every
i,j € L(v1), it holds that § < fi/f; <4 and f; > 35

I
we have 7=

Proof. For every i,57 € L(vy),

W Then the bound for the ratio follows from
k=1 Tk,j

dl = ].,2 and 0 S Tk,j S
j € L(Ul).

To see the lower bound for f;, we note that |L(v)| <
4 and thus 1 = 3 0y fi < fi + 42 e fi <
13f;.

5 for every 1 < k < dy,

To prove Lemma B2 it suffices to bound the con-
traction rate

2 OF, (x)

g %:) Tj;) ’ Oxj;
: OF (y )‘
z:l (v5) ‘ dy;

1808

Simple calculation yields

22: 3 () | OF
i=1 jeL(v1) ®(xji) | 0wji
2 4
:Z o) Mf Fy n
=\ ®(rn) l—au 1
®(F) Fuf; 1 _24: F
FEL(v)\{1} Q(le) 1 wj’b 1- fl ﬁzl 1-— fk
#J
2 ip
<> (M-er)R A+
i=1 k=2 1 'fk
1 . F
k
jertonny PR im
=
i O(Fy) |0F,
= Dy ayj
4
Fi(1-Fy) Iy
( ) 1 1 é PQ(f7Y)
®y)  1-um 1y
Now we only need to bound
a(x,y) = 2P (f,y) + P(f,y).
Notice that after substituting M for W we

can ignore x and treat P; and P as functions of f and
y, with some constraints on f as we will see soon.
Discussion on the absolute value. Let D; £

1 - — E%;} lf"fk for j = 2,3,4. We show that at

least two of these D;’s are nonnegative. Assume for the
contraction that D5, D3 < 0, then we obtain

1 F1 F3 F4
I—-fi 1-f 1—f3 1-Ffi <0
1 F1 F2 F4
I—fi 1—fi 1—fo 1—fs <0
This is equivalent to
(6.6) (1= f2)(1 —y2) + (fi — f3)(1 —ys)
+(fi— fa) (1 —ya) <0
(6.7) (1= f3)(1 —y3) + (f1 = fo)(1 — o)
+(f1— fo)(1—ys) <0

(6M)+(B677) gives

I+ fi—2f) A —y3)+ 1+ fi—2f2)(1 —y2)
+2(f1 — fa)(1 —ys4) <0
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Since 1—|—f1—2f3, 1+f1—2f2 >0and 0 < Y2,Ys3,Ys <
1,1t holds that 3f; + 1 — fo — f3 — 2f4 < 0.

Since dy = 2 we have |L(v)| = 4 so Proposition B
holds for all pairs of f;, f;, 1 < i < j < 4. Applying
fi+ fo+ fs+ fo = 1, we obtain 4f; < f4, which is a
contradiction.

Therefore, we have either all D; for j = 2,3,4 are
nonnegative or at most one of it is negative. Assume
D5 is negative, i.e.,

(1=f2)(1—=y2) + (f1— f3)(L—y3) + (f1— fa) (1 —ya) <O.

Since (1 — f2)(1 — y2) > 0, we have either f; < f3 or
fi < fa or both. W.lLo.g. assume f; < f3, now we
distinguish between two cases:

e (fi < f4) In this case, we can let y» = 1 and

2
ys = y4 = 0, this gives
L= fo+2(fi = f3) +2(fr — fa) <O.
Using the identity f1 + fo + fs + f4 = 1, we obtain

6f1+ fo—1<0.

e (f1 > f4) In this case, we can let y, = %, ys =0
and f; = f1, this gives

L—fa+2(f1 — f3) <0.

Using fa3=1—f1—fo— fa < %—f1—f2’We obtain
3
4f1+f2—1 < 0.

Now we can continue our analysis of a(x,y).
Case 1: All D; are nonnegative for j = 2,3, 4.
Introduce the following function of w and f

—f +4M§.L

G D = ga—my T TS

where ¢ € [0,1] is some constant parameter. The
following two lemmas are used to symmetrize a(x,y).

LEMMA 6.3. Go(w, f) is concave when f € [0,1] and
% < w < 1 — f, hence for all wy, f; satisfying

fi € [Oa%] and 1}fi <w <1-fi,i=12,---,nm,
we have
Go(wr, f1) + Go(wa, f2) + - + Go(wn, fr)
n
SGO<w1+wz+---+wn7f1+f2+-~-+fn>.
n n

1809

__2 _ 2w
Proof. The Hessian of Go(w, f) is [ 12_wf (12_10@21 ,

Ta-pr AR

which is negative semi-definite when f € [0, 5].

LEMMA 6.4. For all wy,ws,ws € [0, %] and f1, fa, f3 €
[1—13, %] such that % <w; <1-—f;,i=1,2,3, we have

% (Ge(wy, f1) + Ge(wa, f2))

< k- Ge (w1+w2 f1+f2>

2 ’ 2
% (Ge(wn, f1) + Ge(wa, fa) + Ge(ws, f3))

b

<G w1+w2+w3’f1+f2+f3 ,
3 3
holds for any & € [0,1], where = 1938

Proof. First we shall point out that if the lemma holds
for £ =1, then it should hold for any other 0 < ¢ < 1.

Suppose the lemma holds for £ = 1. That is

% (G1(w1, f1) + Gi(wz, f2))

wy +wa f1+ fa
2 ’ 2 '

SKJ'G1(

Rewrite G¢(w, f) = (1-£)Go(w, f)+EG1(w, f). Recall
that Gy is concave, thus

% (Ge(wr, f1) + Ge(wa, f2))

<-g6 (M52 1R

o (B S
< - gneGo (U5 )

o (B B0

— k-G <w1+w2,f1+f2>'

2 2

The same argument works for the 3-variable case. So it
remains to prove the & =1 case.

It can be rigorously proved by Mathematica (the

codes are in Section B) that for all wy,ws, w3 € [0, %]
and fi, fa, f3 € [, 3] such that 155 <w; <1— f,i =

Copyright © by SIAM
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1,2, 3, we have

(Gl(wl J1) + Gi(wa, f2))

<Ki-

)

1+ w2 f1+f2)

(Gl(w17f1)+201(w2,f2
wy + 2w2 f1+2fs

o ("
(5

< K9 - Gl 3 )
Here k1 = %8(1)88, Koy = %gégé and k1Ko < K. As
consequence,
1
g(G1(w1,f1)+G1(w2,f2)+G1(w3,f3)
1

(;(201(11117 J1) + Gi(wz, f2))

(e (

1
< kika - Gy (

2
+é(G1(w2’ f2) + 2G1 (ws, f3))>
2wy + wo 2f1+f2>
37 3

2 2
e <w2+ ws  fo+2f3
3
2wy + wa

3
way + 2w3
3
2f1+ f2

( ).
1( f2+2f3>>
2 3 3
wy +wa +ws f1+ fo+ f3
3 ’ 3

1
<I{2~§

2

)

Recall that f; =0 for j ¢ L(vy), and

</€'G1(

1 Fi.
> Ll
i —~=1—fi
JeL(vi)\{1} ]13;_&;
4 4
Fy,
Sy
=2 k=1 k
iZj
4 4 4
Fy. Fy.
=1 — . +
Jj= k=1 k=2
k#j
4 4 4
o) o)
Sy
k:117fkj:1 e
Jj#k
4
F.
:f ] .
121—]2‘

So we have
1-F
=o()F, | ———————
(PR ((1 —y1)®(y1)
4 4
F; F;
+ — 4+ AMf !
2 (1—y)®(y)) 2 7
Define symmetric forms of F}, as follows.
Fu(f1, f2,01,2) =

Q- fi)X—y1)+3(1— fo)(1 —y2)’

Then we can define the symmetric form of «

&l f1, f2, 91, 42) = ®(F1)Fy
1- Fl 3 A2 Fg
<(1 —41)®(y1) (1 —y2)P(y2) +12M £ 1— f2> .

LEMMA 6.5. For all £,y € [0,3]* such that & <
f1>f27f37f <1 and fi+ fo+ fs+ fa =1, there exists
farin € [0, %] such that f1 +3f> =1 and

O[(f7y) S K d(fl?anthZ)

1038

where Kk = 1000 -

P’f’OOf. Let Wy = (1 - fk)(]‘ - yk)7k = 273747 A(f7Y) =
Z?Zl(l — fj)(1 — y;) be the denominator of Fj, and

A(f1, fo,yr,y2) = (1= f1)(1—y1) +3(1— f2)(1 —y2) be
the denominator of Fj. Then

1—F
o= 2Rk ((1 o)
I~ 1-f w;
il I 4MS -
+Aj§::2q)(l_1ffj)+ fi -7,
B 1-F 1 o
_CI)(Fl)Fl (1—y1)¢’(y1) Z;Gfl(wjvf])

Take wo and f2 such that 3ws wy + we + ws,

3f2 fi+ f2+ f3, and take §o = 1 — w2 . Therefore
fit3fo=fitfot+ fa+ fa=1and
A(f7Y) :A(flvaayhyQ)
Fl(f7y) :Fl(flaf27yl7:g2)-
1810 Copyright © by SIAM
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Furthermore, w; and y; satisfy the condition of Lemma
62 hence

+3k - L AMSf -

s &
(1 —32)®(92) 1-— f
1-F

< k- B(F)F (Mm(yl)

3F2 F2
A=) M f2>
d(flv f23y17Q2)-

LEMMA 6.6. Forall f1, fo,y1,y2 € [0, %] such that % <
fi<s and f1+3fa =1, we have

963

a(fr, f2,y1,92) < 1000°

Proof. The lemma can be rigorously proved by Mathe-
matica. The codes are in Section B.

Theorem B2 and Proposition B provide the condi-
tion for Theorem B4, and combining Theorem B8 gives

oy A)<1O38 963 9996
LJ2Y1592) = 3060 " 1000 = 100007

Case 2: D; is negative for some j. Without

a(f,y) <

. . . _ 1038
IOSf of generality, we can assume j = 2, i.e., 1—71)"1 — where Kk = {555 -
L . Theref
E’é;% = Creore, Proof. Let w; = (1— f;)(1—y;) for j = 3,4, and denote
A = A(wy, wa, w3, wy) = Z?:l w; be the denominator
4 1 4 F of F. Let t = f1 + f2, then
ij 1-f _Zl—fk
j=2 k=t S
o = T A(l - Fl)Pl + P2+
4 4
F; 1 Fy .
= 2y | —— — 1—
UD BN e ey D vy s 3 —uwﬁﬁ+hx1—w0
j= = D(y
k#2 j=3 )
So we have (I) Fl)
1-F)P+ P
) 1 A( 1) P+ Py
1-F F;
= @(Fl)Fl + J 4 1—
(1 —=y1)®(y1) ; (1 —y;)®(y;) + 7‘7cj+4M(f1+f2) o
=3 el - =) L=
4 F, 1 4 F 4
k
AM —AM — O(F1)F
+ flz_;l 7 P =7 ’;17# :% A(l—F1)P1+P2+ZGt(wj,fj)
= kA2 j=3
1811 Copyright © by SIAM

which is a function of f,y € [0, 1]* where f1 + fo + f3 +
fa=1

Similarly, by exploiting the symmetry of f5 and fy,
we define the symmetric form of F3.
1-f)d-wn)

Fl(flaf27f37y15y27y3): A

where

A=1— )0 =)+ 1= fo)(1—y2) +2(1 — f3)(1 — y3).

Then we can define the symmetric form of «

& = % (A(l — )P + P, +P3)
where
B 1 _AMf,
BTy T A
11— f
Po= Sy HAMAL - 10),
Py = 2%(;;;3) +8M(f1 + fo)(1 —y3).

So & is a function of f,y € [0, £]3.

LEMMA 6.7. For all £,y € [0,3]* such that {5 <
faofs < 2 and fi + fo+ f3+ fo = 1, there exists

fa.93 € [0, 1] such that f1 + f2 +2fs =1 and

a(f?Y) S K &<f1af27f37y17y27g3)

Unauthorized reproduction of this article is prohibited



Take w3 and fg suchAthat 23 = w3 + wy, 2f3 = f3 + f4,
+fa+2f3=

fit+fot fs+fa = L. Let A(w, wa, ws) = wy +ws+2ws,
then clearly A(wq,ws,ws, ws) = A(wy,ws,ws). Since

f1+ f2 €[0,1] by Lemma 62 we have
a(f,y) < % (AQ = F)Py+ Py + 26, (i3, f))
= w <A(1 — F)P + P,
A
( +4M(f1+f2)(1—173)>>
A(L - )P + Py
((§ +8M01+bxl%0

d(flaf27f37y13y27g3)'
LEMMA 6.8. For all f1, fa, f3,y1,92,y3 € [0, 5] satisfy-
mg
it fe+2f3=1,
6f1+ fo—1<0,

3
4f1+f2—1 <0,
and ) ) .
— < < = < < —
13_.f 2 0_f2;f3_27
we have
9163
(f17f27f37y1ay2>y3) = 10000

Proof. Recall that

& = M (A(1 — )P+ P+ Pg)
where

R T

o ;(_yf;’ FAMA(L - ),

Po= 2B s+ )0 -

- R s+ -

Denote
A=A - Fr) = (1= fo)(1—y2) +2(1 = f3)(1 - ).

1812

So
2 (A1P1 + P + P3)

A= (1 -y - f1)
We substitute P, for P{ =
and obtain an upper bound
2(A1P| + Py + P3)
T A -Q1-y)A-f1)
Notice now both numerator and denominator are linear
functions of f;. Therefore it reaches the maximum value

when f7 is at its boundary. The next step is to let f;
take its boundary values and simplify the formula.

L fi=g(1 - fa)

o=

4M fo
1—1/13 > P

1
(T—y)®(w1)

&

2(A1P{ + P+ Pj)
(1—y)(1 = 51— f2))

o] =
A —

where

1—fy 2
P, = —M(1
2= 3y T30

T+5
3 = 6£(yf)2+ M52 +1)(1 —ys).

— f2)(1 = y2),

It can be rigorously proved by Mathematica that
1 < 38 " The codes are in Section B.

— 10000 "
f2)-

2. flzz(z—

2(AP] + Py + P5)
(1—y1)(1— (

Py = l_fz-l-M(i—fQ) (1 —y2),

P(y2)
M (fz + i) (1—ys).

, 19+ 12f
It can be rigorously proved by Mathematica that

ST 169(ys)
1 < 1901060‘30 The codes are in Section B.

3 f1:1—13.

T A - - f2))

2ALP{ + P+ P})
A= (=) — &)

a3 =

where

/ 1_f2
P} = 0 )+§M(1—

14+ fo 1
130 (y3) +3M <f2 + 13> (1—ys).

y2)a

Py =

It can be rigorously proved by Mathematica that

9102 ; ;
3 < 75005+ Lhe codes are in Section B.

Copyright © by SIAM
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To conclude we have

. { 9138 9163 9102 } 9163
& < max

~ 10000

10000’ 10000 10000

The discussion of absolute values provides the
condition for Lemma BZ, and combining Lemma B3
gives )

a(f,y) < k- a(f1, fo, f3,91,92, U3)

< 1038 9163 9512
~ 1000 10000 ~ 10000°
To summarize the analysis in section 2211, we have
9512 9996 9996
a(f,y) < max : = :
10000° 10000 10000
6.2.2 d; = 1 When di = 1 we need to bound
a(x,y)=Pi(f,y) +P2(f y)- Furthermore ifle L(vl)

then we still have 13 < f1 < 5 O < fo,f3,f1 < %
this case, the proof 1n Section E:‘Z:I] can all go through
once we obtain the symmetric form of a by the following
lemma. This is a modified version of Lemma B4 that
can fit the situation of d; = 1.

LEMMA 6.9. For all 1w, wo,ws 1S [0, 1]
and  f1, fa2, f3 IS [0, %] such that 1_2f'i <
w, < 1 — f; where i« = 1,2,3, we hav

ve
%(GE(U)l,fl)‘i’Gg(wQ,fg)) S K - Gf <w1+w2 f1+f2>

%(Gg(wl,fl)+G§(w2,f2)+G5(w3,f3)) <
K - G5 <w1+uéz+w3’ f1+J;2+f3) hold for any & € [0’ i];
1019

where kK = 1005 -

and

Proof. The proof is almost the same as Lemma B4,
except that here we only need to prove for £ = i. This is
also achieved by proving that for all wy,ws, w3 € [0, 3]
and fi, fa, f3 € [0, 1] such that 3500 <w; <1 fi,i =
1,273, we have %(Gi (wl,fl) + G%(U/Q,fQ)) S K1 -

Gy (%’ %) and 3(G1 (w1, f1) +2G1 (w2, f2)) <

. wi+2ws  f1+2f2 1009
%) Gl( 3 i —

1000°
and kiky < k. The Mathematica code to verify the
lemma, is in Section B.

1 R =

), where k1 =

Now it remains to handle the case when 1 ¢ L(v1).
So in the rest of this section we will assume that f; = 0.

According to the convention in Algorithm B, we
have either 1 ¢ L(vg) or do = 0. We will defer the
discussion of this do = 0 case to the end of this section.
If 1 ¢ L(ve) we have f; = y1 = 0 and this is true for
both actual value and computed value. So we fix f1,1;
to be zero in our recursion and discuss the contraction
rate of this partially fixed function

1
— A -y

F = .

1813

The contraction rate should not involve the derivatives
of fi and y;, namely

Oé(f7y> = Pl(f7 y) + P2(f7y)
where
. F
k
Pi(f,y) = ®(F\)F1 - M - Z fi 1_21—]”
JEL(e\{1} e
4 r
Py(f,y) = ®(F)Fy - Y ————
;::2 (1 —y;)®(y;)
and Fy = 7 +E(1 f(kl)(lfj y(kl) ) is also partially fixed
accordingly.

Discussion on the absolute values. Let
D; 21— Z%?‘ lf—kfk for j = 2,3,4. Recall that
;1=

4 4 F
k
YSIUIED SR () pie.
=2 GeL(m\(1} k=l
4
F
=h) —= =0,
=t

so it cannot be the case that all D;’s have the same
sign. We will always, without loss of generality, assume
D5 has the opposite sign against others. Then |Da| +
| D3| 4 |Dy4| is either 2Dy or —2Ds.

Case 1: D, is negative. In this case

4
—2Ds) +Z =y

Jj=

a(f, y) = (I)(Fl)Fl

®(y;)

Denote A 2 1+ 2?22(1
of F1~

We first consider the case when y; = % for some
Jj € {2,3,4}. By Theorem B we know that all y,’s
should be accurately computed given the recursion
depth D is at least 3. So we can further discard all
derivatives of y; and obtain

— f;)(1 —y;) the denominator

4
F
aff,y) =2Mfr ®(F)F D+ ’“f ~1
=1 7k
k#2
:4Mf2(3—y3—y4—A)

A—-2

Notice that « is monotonically increasing on ys, so we
take yo = 2. After substituting 1 — fo for f3 4+ f4 we

2
£ (b —90) (3 =)
get olf,y) < AMPo - o Sas o ~ 2M
and

where the last inequality is due to fa, f3, f1 <
the monotonicity on fs and fy.

IN

N|—=
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On the other aspect, if y; ;é for all j € {2,3,4}, Proof. The lemma can be verified by Mathematica. The

then by Theorem B we have y; < for all j € {2,3,4} codes are in Section B.
since dy is at most 1. Let w; = ( — fi)1 —y;), by
Lemma B4 In conclusion we have
4 Fk a(faY) SmaX{QMv’%'d(anfi%vag?))}
k=1 <max<2M, —  ——— > < —.
k#2 1000 10000 100
. F; Case 2: Ds is positive In this case
— (1 —y;)®(y;) F;
= at,y) = ®(F)F, | M-2D, + Z S N
S(F)F [(1— fo (1 —y;)®(y;)
(42) As we did in Case 1, we first consider when y; = %
44 f; for some j € {2,3,4}. We similarly obtain
+Z L+ 2M fo(1 - yj)
= P(y;) R
aff,y) =2Mfr ®(F)Fy [ 1=+ +
O )Fy [ 1— 1
_ (;1) 1(q)(yf;Jrszgu—A) 73
2
.\ 74Mf2(A73+y3+y4)
D e fij +2M for— >
j=3 (1- 1*fj) —fi Notice that «(f,y) is monotonically increasing on
() ys and y4, so we take y3 = y4 = % which yields
A . alf,y) < 4M fo < 2M.
1—fo
B(ys) +2Mfo(1—A)+ ZG%?(U}J’JCJ) Now we once more assume y; < & for all j € {2,3,4}.
j=3 Recall A = 2998 we now prove that
.. <I>(F1)F1. 4 )
SR alf.y) = 2 =21 = f)y; (5 — ;) +2M f2(A — 3+ y3 + yu)
Y) = A
1—fo . 5—1
+2M fo(1 — A) + 2G 4, (w3, ,
<<I>(y2) f2(1 = A) 22 (W3 f3)) <\
where w3 = %a fz = fﬁf‘l, B o= m and Since the denominator of «(f,y) is positive,
A =14 ws+ 2ws. If we take g3 = 1 — 1757:}3 then we a(f,y) < X is equivalent to G = 2?22(1 — i3 —
can get the symmetric form of a: Yi) +2M fo (A—=3+ys+ys) —A(34—1) <0.
A Note that G is quadratic on y3, we
G(f,y) = (I)(F})Fl 1—fo oM (1 — A) can Writle it as ) G = —(1 — f3)y3 +
2 2 T3l —J3 3 —J3)— 2(1—1J3)) Y3
A\ 2(p) (2Mf2+ 5(1 = fa) + 31— fs) =2M fo(1 — f3)) ys +
21— f) C = f) (- + (%M;”: + U2 oM p) ) + C,
T =% ®(73) +AMfo(1—9s) |- where C' is a polynomial contammg no ys.
Therefore, G is increasing in [—oo, zo] where zy =
LEMMA 6.10. For all f2, f3,y2,ys3 € [0, 3] satisfying 11\{’;33 + % —Mfy > 1?‘ > 63 Since y3 and y4 are
symmetric, the same argument holds for yy.
fa+2f3=1, We only need to prove that G’ £ G\%ivk% < 0.
1 1 Applying fo2 + f3 + f1 = 1, a direct calculation yields
By 2 1
6 G =-—-Mf2 (13y2—6)+ﬁ(6 91N +169y2 + 169 y2 —
2=y 338y2) + %‘fg ((13y2 — 6)(26y2 — 1 — 52M — 13X)).
we have 9231 Since y; < £, G’ is increasing in [—o0,z1] where
&(fa f3,92,93) < 10000 1 = W > % Therefore, we only need
1814 Copyright © by SIAM
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to prove that G’ = G’|f27 = 338 + 3M _ ?3\ +

(i — % + %) Y2 — UQ < 0, which holds for y5 € [O, 13]
This concludes that alf,y) <max{2M,\} =\
The case d, = 0. At last we come to the discussion

for do = 0. In this case y; is not necessarily 0, but all

y;’s are accurately computed. Redefine

1—u
L=y + 35,0 = )1 —y)

F =

A=T-yi+> (1= f)(1 -y

=2

As we did before, we shall discard the derivatives of y;’s
and assume D, has the opposite sign against others.
Now

Iy,

a(f7Y):2Mf2 l_fk

O(F)F |1 —

Eoabad
IS
=

=
(L—y1)—(1—ys) —
A-2(1 —y1)

_AM S, Yo (= )1 —y) =2+ ys + v
- S A=) —y) — (1 =)

is monotonically decreasing on y;. So we can take y; = 0
and this is reduced to a situation we have discussed
before.

To summarize the analysis in section 62232, we have

4
af,y) < max{lgoo )\} = A

So far we have exhausted all possible cases when
deg (v) = 2. Putting together the conclusions of
section B and section B2, we can finish the proof of
Lemma B22.

_AMfr]A - (1 — ya)|

6.3 Proof of Theorem B By the discussion on
cases in B and B3, we have finished the proof of
Lemma B3 so far.

Thus we can prove Theorem Bl now.

9996

Proof. [Proof of Theorem B] Let A\ = 35556

stant.

We first claim that if a vertex v satisfies degq (v) <
2 and |L(v)| > dege (v) + 2, then one of the following
statements holds:

be con-

e P(G,L,v,i,D) =Prg [c(v) =1i];

¢ lp(P(G, L,v,i, D)) = p(Prg 1 [c(v) =d])| < Ci -

c(1
(3 -

Given the claim, we have for some constant Cy > 0,
it holds that

|P(G, L,v,i, D) — Pre.y, [c(v) = ]|
= q)(ljj) |p(P(G, L,v,i, D)) — o(Prg,1 [c(v) = i)
< Cy- AP,

where ®(z) & ¢'(z) = T(;_T)
between ¢(P(G, L,v,i, D)) and ¢(Prg 1 [c(v) = 1i]).

Now assume (G = (V,E),L) satisfies |L(v)] >
degg (v) + 1 for every v € V. Let v € V be an ar-
bitrary vertex and consider the computation tree of
P(G,L,v,i,D). According to the construction in Sec-
tion B, all the smaller instances P(G’, L', v’, ', D’) called
by the procedure satisfy |L(v)| > deggs (v') + 2 and
degq (v') < 2, i.e., the condition specified in the above
claim. Further note that in all cases, the 1-norm of the
gradients of our recursions

and Z is some real

o F(z,y,2) = m, if deg; (v) =1 and |L(v)| = 2;

o F(x, ):2+y,1fdegG()—1and\L(v)|:3;

o F(z)= %%, if degy (v) =1 and |L(v)| = 4;

. F(f,y) = ;(;{a’ﬁ};;’gf,yj), if deg; (v) = 2;

« Fxyz) = yooiettoty i
degg (v) =3,

are bounded above by some constants for parameters
in the range [0, 1]. Therefore it follows from the mean
value theorem and the claim that

|P(G, L,v,i,D) — Prg 1, [c(v) =i]| < C- AP,

for some constant C' > 0.

It remains to prove the claim. We apply induction
on D. The base case is that D = 2. It follows from
Theorem 61 and Lemma B3 that if Prg  [e(v) =1
is 0 or 2, then the algorithm return the correct value,
ie., P(G,L,v,i,D) = Prg [c(v) =14]. Otherwise, the
function ¢(+) is bounded from above and thus the claim
holds. For D > 2, the claim follows from the induction
hypothesis and Lemma B

7 Proof of the Main Theorem

In this section, we prove Theorem I0. We start the
proof by first analyzing the running time of Algorithm .

Let G = (V, E) be a graph with |V| = n, L be its
color lists, v € V be a vertex, i € {1,2,3,4} be a color
and D be nonnegative integer. Let 7(G, L,v,i,D) de-

AP=2 where p(z) = 2Inz—21n ) and C; > 0 note the running time of the procedure P(G, L,v, 1, D),
is a constant. then we have:
1815 Copyright © by SIAM
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LEMMA 7.1. If degy (v) < 2, then 7(G,L,v,i,D) =
O (n*127).

Proof. We apply induction on n to show that for some
constant C > 0, 7(G, L,v,i, D) < C -n312P. The base
case is that n = 1, then the algorithm terminates in
constant time.

For general n, we need to analyze cases deg (v) =
1, 2 respectively.

Case deg. (v) = 1: Algorithm B contains two
subcases. We use an adjacency matrix to represent a
graph. Thus we can construct in n? time the graph
(G, which contains n — 1 vertices. We then have
the following recursions for the two cases respectively
(assuming notations in the description of Algorithm B):

(G, L,v,i,D) < 7(Gy, L1 s,v1,i, D — 1) + n?;
7(G,L,v,%,D) < 7(Gy, L1,3,v1,1,D — 1)+
T(vaLl,jaU17j7D - 1) + n2'

Then the lemma follows from the induction hypothesis.

Case deg (v) = 2: Algorithm B has at most 12
branches, we have (assuming notations in the descrip-
tion of Algorithm B):

(G, Lw,i,D) < > Y 7(Gow, Ly w, D= 1)

k€di weL(vy)

+ Y 7(Gy,L2j,§,D—1) +n.
jeL(v)

Then the lemma follows from the induction hypothesis.

If degy (v) = 3, then the algorithm P(G,L,v,i,D)
will call P3(G,L,v,i,D) described in Algorithm M.
However, since the maximum degree of G is at most
three hence in further recursion call to Algorithm M, the
degree of a vertex decreases by at least one. Therefore
Algorithm B can be called at most once. Combining
Lemma [T, we have

LEMMA 7.2. 7(G,L,v,i,D) = 0O (n312D).
Now we prove Lemma BTl.

Proof. [Proof of Lemma B First, we need to bound
the value Prg  [c(v) =4] on the computation tree.
If Prgple(v)=1i = 0 then it is clear to see
P(G,L,v,i,D) = 0 thus we are done. Otherwise we
have Pre 1, [c(v) = i] > 5 if (G, L,v) is a reachable in-
stance. In previous discussion we know that (G, L, v) is
on the root of our computation tree if this instance is

not reachable. In this case
Prgpc(v) =i =
[Tj—i (1 = Pra, p,., [e(vr) = i])
Y jeni it (1= Pra, ry, le(vr) = 1)

1816

where d = deg, (v) < 3 and |L(v)| < 4. Tt yields

1-2)°
Prg p[c(v) =] > (3 3) :i.
(1-1+1+1+1 25

Combining with the bound of reachable cases it implies
Prg 1, [c(v) = i] > 5= for all instances in computation
tree.

By Theorem B, there exists constants A = 190909060
and C' > 0 such that for every list-coloring instance
(G, L) satisfying conditions in the statement of the
Lemma, it holds that

|P(G, L,v,i,D) — Prgp [c(v) =i]| < C - \P~3

for all D > 3.

For any 0 < ¢ < 1, let ¢ be the smallest integer such
that C'- A\*~3 < = and let p = P(G, L,v,i,t). We can
show that Algorithm 0 up to depth t is the algorithm
outputs p such that

(1-e)p <Prgrlc(v) =i < (1+¢)p

in time poly(|V], 1).
Theorem B implies

Prepfe(v) =i — — < 1+ =

and thus by the bound of Prg 1, [¢(v) = ¢] above it holds
that

(1—¢e)Prgrlc(v) =i <p<(1+e)Prgycv) =1].
So

b
1—¢

. P .
1-— <—X<P =] <
(1=2)p < 12— < Prasletv) =i <
Next we show that Algorithm O up to depth ¢ is a
polynomial time algorithm with respect to |V| and %
By Lemma 2, 7(G, L,v,z,t) = O (n®12"). Since t is

the smallest integer such that C - X723 < %, we have

<(1+e)p.

t—4glogA%§t—3,

which implies 7(G,L,v,z,t) =
0 (7’L3 (M)flogb\ 12>.

O (n®12'8rzc) =

> A and C are constants, so

7(G,L,v,z,t) = poly(|V| , %)

Finally, combining Lemma B and Lemma P
completes the proof of Theorem .

8 Computer Assisted Proofs

We utilize some Mathematica codes to assist our proof.
Due to the limit of space, we omit the codes in the
current version. Please refer to the full version of the

paper.
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